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NATIONAL AEVTSQRT COMMITTEE FOR AERONAUTIC. 

TECHNICAL NOTE NO. 1805 • 

REMARKS CONCERNING THE 3EEAYIQR OF THE LAMINAR _ 

. BOTOSIlARX: LAYER IN CC2.5ERESSLBIE SLOWS ^y; ^ r ’’, . 

- ... ,"|j By Neal Teteryin \ -. ._ _ 

.. ‘ V 4 y ’ . SITMAEI,'\'; 

j , • ;i • • • - i'./x -'L'X'm y- c" L.. ; ;/■•: t-M-ix ‘s ->1 lx. v. ■ 

The Boundary-layer- equation of motiori.ajid. the Bouixdary-layer energy 
equation, for the compressible , and steady laminar Boundary layer on two-. 
dimensional Bodies -and. Bodies of revolution are '•written, in a nondimensional 
form, to provide a clearer indication of the effects,- of .j^ch L number,- Reynolds 
number, and the properties of the gas. 

When the ratio of the local velocity t° the free -stream velocity and 
the ratio of local temperature to the free-stream temperature at all points 
on the surface of a Body and at the outer edge of its Boundary layer do not 
change with Reynolds, number. and. when thg r Mach. n]miBer,.aiicL the physical 
properties of the gas also do not change with Reynolds number, the Bou ndar y - 
layer thickness at a fixed point., on abodyis inversely , proportional to the 
square root of the Reynolds number, the Burf ace -friction coefficient at a 
fixed point is inversely proportional to .the square root of the Reynolds 
number, the friction-drag coefficient of the part of a Body covered By a 
laminar Boundary layer r is, inverselyproport tonal to the square root of the 
Reynolds number, the separation point is independent of the Reynolds number, 
and the nondimensl onal velocity profile is invariable at a fixed fraction 
of the Body length from the stagnation point. - By use of- the Boundary -layer 
equations, separation of the laminar Boundary layer is shown to occur only 
when the static pressure along the surface rises dp,, the direction of flow. 

INTRONUCTION ‘ ^ " ' X 


Same useful results of the Prandtl Boundary -layer -theory for the 
incampressible laminar Boundary layer are known to Be obtainable directly 
from the form of the Boundary rlayer equations without having to solve them 
(reference l) . The Boundary -layer thickness and friction drag are found to 
Be inversely proportional to the square root of the Reynolds number, and 
the nondimensl onal velocity profile at a fixed point on a Body and the 
separation, point are found to Be, independent of the Reynolds number. These 
theoretical results are time when the pressure distribution on a Body is 
independent of the Reynolds number. 
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Because of the Increased significance of the laminar "boundary -layer 
for flows in which, the effects of compressib il ity and heating are important, 
it seemed desirable to determ i ne whether conclusions similar to those for 
incompressible flow can be drawn from the form of the boundary -layer equa- 
tions for high-speed flows. An investigation to determine whether separation 
of the boundary layer can occur when the pressure along the surface does 
not rise in the direction of the flow also seemed desirable. 

Although some of the results obtained are implicit in the work of 
Ton Karman and Tsien (reference 2) and in the work of others, it was thought 
worthwhile to develop the results both for two-dimensional flow and for 
axially symmetric flow over a body of revolution, and to state them explicitly 
together with the conditions for which they are valid. The results are 
probably of most interest to experimentalists who require a knowledge of 
boundary-layer behavior, but who have not had the opportunity to develop 
these results for themselves. 
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SIMBOLS 

velocity inside boundary layer and parallel to surface 
velocity inside boundary layer and perpendicular to surface 
distance along surface 

distance measured from surface in a direction perpendicular 
to surface 

radius of body of revolution 
temperature 

coefficient of viscosity 
density 

coefficient of heat conduction 
specific heat at constant pressure 
length of body 

velocity at outer edge of boundary layer and parallel to 
surface 

free -stream velocity 
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B, 


Mq 


P 

1 r 


Eeynolds number 


/po^c 

V 


u o 

Mach, number f — 


Telocity of sound, in free stream 
static pressure 

stream function for two-dimensional flow 
/°PoP o\ 

Prandtl number — ; — 


i = 1 + rMo 2 P 


surface shearing stress 
ratio of specific heats 


E 


$ 


gas constant 

component of tody force along x-axis 
component of tody force along y-axis 
stream function for flow crer tody of revolution 


Sut script: 

o free -stream conditions 

Quantities which contain a tar and which do not refer to free -stream 
conditions are dl-me-ns l onal . 


ANAIZSIS 

Two -Dimensional How 

Derivation of t oundar? -layer equations . - The steady flow of a gas 
over a wall in a layer having a thickness which is a negligible fraction 
of the radius of curvature of the wal l , is descrited herein ty the Navier- 
Stokes equations of motion in surface coordinates with the terms th at 
involve surface curvature neglected, the equation of continuity, and the 
energy equation with c p constant. 
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(l) The 2 component of the equation of motion is 


( 1 ) 


(2) The y component of the equation of motion is 


— 8 u — 8 il 
pu — + pr ~ = pF x 

02 oy 


+ i h t &2 L + j 

& 3 ^ ^2 


lj. 8 p. 8 u 8 jl 8 u 8 v 8 p ■ 2 8 p 8 v 

38 x 8 s 8 y 8 y 8 x 8 y 3 8 x 8 y 


— cW — ;w 8 p — 8^7 u 8 nz ij- - oy 8 u 8 v 

pu ci + OT r 1 = oFh - r* + U — - + =• r — r- + — u — - + r= r- 


pu §£ + pT 5? “ ®T 


5? ' ^ 3j2 ' 3 df cbc + 3 11 'As&c 


+ lf^ 8 T + 8 |a 8 u 2 cp 8 u 

3 8 y 8 y 8 x 8 y 3 8 y 3x 


(2) 


(3) The equation of continuity is 


^ + ^f = 0 (3) 

82 8 y 


(4) The energy equation for Cp constant is 

8 t 8 t _ 8 p _ 8 p 2 _ / 8 u 8 ?\ 

pucp g + PVCp 



jfv; 


+ n + §l\ 

— /8% 

I- \r~ 1 _1_ 

a^T\ 


0 0 

w _ 

8xy 

\8x 2 

*f) 


^ 8t + ^ 8t 

82 82 8 y 8 y 


( 4 ) 
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Tlie usual assumption of the "boundary -layer theory (reference l) that the 
flow takes place in a thin layer in which the Telocity is almost parallel 
to the wall and in which the largest viscous terms are of the same order 
of magnitude as the inertia terms is now made hy the following substitutions: 


x = lx 


P = Wo 



P = PP Q 

2 

P “ Pq = Po u o P 



C P ~ C P C P 0 


> (5) 



E 


o 


PqTOq 

Pq 


k = kk D 
T = TT 0 



When substitutions (5) are used in equation (l), one group of terms has 
the factor 1 /r q . For large EeynoldB numbers this group is neglected and 
equation (l) becomes 


_ 8u , du 

pa & +pT $ m 


8p + L 

dx 8y 



( 6 ) 


where the body forces pF x are also neglected. 

When substitutions (5) are used in equation (2) and all terms containing 
the factor 1 /r o or 1/R0 2 are neglected and the body forces pFy are 

neglected, the result is 


0 = ^ (7) 

8y 

The 'use of substitutions (5) in equation (3) results in 

dpu dpv 
dx dy 


(8) 
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When equation ( 7 ) and substitutions (5) are used in equation (4-) and 

(7 - 1H 2 ! (7 - 1)Mq 2 

terms containing "the factors • — — , — — , and are neglected, 

E<-, a" 0^0 0 


' Er 


equation (4) becomes 


Pu ;~ + pv ~ = (7 ~ 1)Mq 2 

8x 8y 


8p 

u - E + 
8x 


/du\£ 

"W 


1 a 


+ - - 4 gN 

°o 8y ^ dy J 


(9) 


Equations (6), ( 7 ), (8), and (9)* together with the equation of state for a 
gas and relations between p, k, and T, describe the flow in the boundary 
layer. Because of equation (7) the static pressure in the boundary layer is 
a function only of x; therefore , 8p/8x in equations (6) and (9) can be 

replaced by dp/dx. 

’ A nondimensional stream function t ) t is then introduced, where 


1 8* 
U = F £ 


1 

Y P 


> 


( 10 ) 


The equation of continuity (equation (8)) is automatically satisfied. 
Equation (6) becomes 


c 

8y c 

and equation ( 9 ) becomes 

8$ 8t , ■. w 2 J 1 to 

S " £ ^ = (7 ' 1)M ° S p ^ + ^ 


/l 8A 8t 8 / 1 8t\ dp j 8 

8 /l 8A 

H MW f w 1 

Y $3 tJ 8x 8y yP 8y/ I s 8y 

by \P byj 


(11) 


8_ fi aft 

8y l p §yj 




lS /_ 8 T' 
+ o n <3y V k §y y 


( 12 ) 


The relative density p can be replaced by a function of T, M Q , 7 , 
and p by the following development. The static pressure in the boundary 
layer is a function only of x; therefore, the density at a point in the 
boundary layer depends only on the temperature at the point and on the 
static pressure at the edge of the boundary layer. Then, from the perfect 
gas law 

P = £-i 

Po T 


( 13 ) 
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where p is the static pressure at the boundary -layer edge. From the 
definition 


P “ Po = P 0 U 0 2 P 

the perfect gas law 


Po = PoRT 0 


and the expression 


°p 0 ( r ■ 1)T ° - c ° 2 


the following relation can be obtained: 


P_ 

Po 


1 + 7Mo 2 p 


Equation ( 13 ) then becomes 


P 



(lb) 


where 

0=1+ 7M 0 2 p 


When equation (14) is substituted in equations (ll) and (12), equation (ll) 
becomes 




St\ _ dp ^° 2 
Sy/ gf 





and equation ( 12 ) becomes 


^ St 

Sy 8x Sx Sy 


(7 - DV 

0 


St dp + tL 
Sy dx 0 




s f st\ 

2 

Sy\ S jJ 

> 




1 _ s_ 

a o ^ 



(15) 


(16) 
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In equations (15) and (l 6 ) p and k are assumed to "be functions only 
of T and a Q is assumed to depend only on the gas. Equations (15) and 

( 16 ) describe the behavior of the laminar boundary layer in a compressible 
flow. The solution in a specific case requires the determination of i{r (x,y) 
and of T (x,y) subject to the following boundary conditions: 

When y = 0, 


when y — > 00 , 


u = 0 
T = T(x) 

v = y(x) 


y =0 


y=o 


U = u(x) 
T = T(x) 


> 


(17) 


When (f> and the boundary conditions are independent of the Reynolds number, 
it is seen from equations ( 15 ) and (l 6 ) that although the Mach number and 
the physical properties of the gas appear, the Reynolds number does not. 

The conclusion, therefore, is that (x,y) and T (x,y) are independent 
of the Reynolds number but are dependent on the physical properties of the 
gas and on the Mach number. 

Boundary-layer thickness, skin friction, separation -point, and velocity 
•profile . - The value of y at the edge of the boundary layer is determined 

by the requirement that — = U, where p (x,y) and + (x,y) are inde- 

P Oy 

pendent of Reynolds number. Substitutions (5) state that y = / — 77^7* 

\Bo 

Therefore, for a given relative pressure and temperature distribution 
along the body as well as for a given Mach number, and gas, the boundary - 
layer thickness at a fixed point on the body is inversely proportional to 
the Bquare root of the Reynolds number. 
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The surface shearing-stress coefficient is 


IL 


l/2 Vy=0 


8u N 


PoU, 


o u o 


PoV 


Ei 


or with u = 0 at y = ,0 and p = 


.1 


Po^c 


?feo 


372 



( 18 ) 


Because (x,y), T (x,y) and $ (x) are independent of R n , the surface- 


friction coefficient 


PoV 


o> 

at a fixed point on a Body is inversely 


proportional to the square root of the Reynolds number R 0 when the 
Boundary conditions (equations (17)), the Mach number M Q , and the gas are 
fixed. The friction drag coefficient of the part of a Body covered By a 
laminar Boundary layer also varies as 1 j \Jb. q when the Boundary conditions 
(equations (17)), the Mach number Mq, and the gas are fixed. 


The separation point is the point at which Tq = 0j that is, 

= 0 is 


( 3^tiA ( 

where — - =0. The value of x at which — - 

WLo - 


y=U & / y=0 

independent of R 0 when ^ (x,y) , T (x,y), and <f> (x) are independent 

X 

of R Q . The ratio — = x is also independent of the Reynolds number. 

Therefore, the separation point on a Body, when the Mach number, the gas, 
and the Boundary conditions (equations (17)) are fixed, is independent 
of the Reynolds number. 


For fixed Boundary conditions (17) and for a fixed gas and a fixed 
Mach number, the curve of u against y is independent of Reynolds number j 

thus the curve of u/u against — \/r o is invariable at a station x/Z. 

L 

This criterion can Be used to test whether a velocity profile is laminar. 
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Necessity of a -positive -pressure gradient for seuaratlon . - The 

/du\ 

separation point is defined as the point at vhich — =0 

W/y=0 

and u > 0 for y > 0. 


Consider the possibility of having I J 


= 0 vhen 


7=0 


'ar 

dx 


<0 


' v=0 


Eram. the equation of continuity, (equation (3)) "kk® equation 
of motion (equation (l)) with u = r = 0 at y = 0 it follows that 
at y = 0 


dp _ d^ Sjl du 

— - + LI “ " 

dx dy 2 dy dy 


Then for 



_ d^u dp 


It is now assumed that the velocity can be expanded in a Taylor's series. 
Thais, 
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( 3p\ /^u\ — 

For rr <0 it follows that [ — - < 0. Therefore u < 0 for 

Wj- 0 


smal 1. y. This result, however, disagrees with the requirement that u 

/ du\ ^ ^ : f*£\ 


for y >0. Therefore 

Wy=0 


cannot he zero when r£ <0. Thus 

Wy=0 


/dp\ 

separation cannot occur when^grj . < 0. If the houndary-layer aBsump- 

tiops are used then ^ and it follows that separation cannot 

occur when < 0* 
dx 

/Su\ dp 

Consider the possibility of having ( — ) =0 when — = 0. 


Mf 


7-0 


dx 




From the full equation of motion with I I =0 it follows that 

VVy=0 

/a 2 s\ / cji£\ _ 

I — - J = 0 when « <= 0- Thus, at y = 0 

\SyV- 0 '^7*0 


- fb u\_ /a 2 u\ 

u = Ur wr 


By usi n g the boundary -layer equation of motion (equation (6)) 

= 0 it can he shown that 


with — = u_ „ = 




dx 7 0 ytyJy-Q Vdy 2 / 


y=0 


'a%\ 

‘ ^ • - A 

y=0 


7=0 


w 


= 0 


> 0 


y=o 
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Therefore, if ^ = 0 and 
' dx 


du\ 


= 0, it follows that u = 0 for all 


y=0 


when it is assumed that u can he expanded in a Taylor's Series in y. The 
conclusion that u = 0 for al 1 y, however, contradicts the requirement 

cannot he zero when = 0. 

dx 



It has "been shown from the complete equation of motion (equation (l) ) 


that separation cannot occur when 


'*S\ 
Sxi - 

^ / V=l 


<0. If the boundary -layer 


y=0 


assumptions are valid, then it follows that separation cannot occur 

when < 0. It has also heen shown by using the houndary-layer equation 
dx _ 

of motion (equation (6)) that separation cannot occur when = 0. Therefore, 

dx 

dp 

separation cam occur only when >0- 

dx 


Axially Symmetrical Flow over a Body of Revolution 

Derivation of boundary-layer equations . - The steady flow of a gas 
over the surface of a body of revolution in a layer having a thickness 
which is a negligible fraction of the radius of curvature of the surface 
in a meridian p lane is described herein by the Navier-Stokes equations of 
motion in surface coordinates with the terms that involve surface 
curvature neglected} the equation of continuity, and the energy equation 
with "Cp constant. 

(l) The x component of the equation of motion is 

du du _ dp p d^v _ d^u jldfdv £1 dr du 4 _ d^u 

PU dx + PT dy " PFx dx + 3dxdy + P ^2 r dy dx + r dy dy 3 ^ ^-2 

2 dy dpi 

3 3y dx 


4 _ d_ / u dr v_ dr \ du dy. 4 du dpi 

3 P dx yr dx r d jJ dy d y 3 dx dx 

+ u. d? 

3 r dy dx dx dy 3 ^ ^ ^ 


( 19 ) 
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(2) The y component of the equation of motion is 

<3? 


— Sr Sr _ Sp _ S^y 1 _ S^ — a Sr Sy 11 9 r 4 _ S^y 

pu — + pr — = pF y - — + p + - p + 3 — — - — — — + — p 

bx by by ^2 3 Sy Sx r Sx Sx r Sx Sy 3 ^2 

+ — P / li + t Sr j + 

3 Sy \^r Sx r Sy/ 3 Sx Sy Sx Sx 3 r Sy Sx 


^ Su Sp 4 Sy Sp 2 y Sr Sp 

Sy Sx 3 8 y Sy 3 r Sy Sy 


(20) 


(3) The equation of continuity is 


Srpu 

Sx 


+ 


Srpy 

by 


=• 0 


( 21 ) 


(4) The energy equations for constant Cp is 


— _ ST 

' u — 
p Sx 


- — . — — ST.-Sp — Sp _ 
P c n u ~ + P c p T Cl" 11; ^~ T ;~ = P 


8y 


Sx 


Sy 


/ -\2 _ _ 

k I Su \ + 2 Sy Su + 4 /StV 

3 \Sx/ Sx Sy 3 \Syy 


\2 / n — \2 


^SuA 2ii^ S^r 4 ut S^r 4 u^ /Sr^ + 8 ur /Sr\ /Sr\ b y^ Ybr y 

$FJ ? 3x 2 r Sx Sy + 3 ? 2 ySx/ + 3 r 2 \8x/^Sy/ 3 j2 \Sy, 


_ 4 u Su Sr 4 Su Sy Ij-tSuSt u Sr Sv 4 t Sy Sr 

3 r ® S 3 Sx Sy 3 r Sx Sy 3 r Sx Sy 3 f Sy Sy 

NT ~ ST 

+ 3? + 


N V ^ 

Sx 



( 22 ) 


The usual assumptions of t oundary -layer theory are now made 
expressed hy equations (5)* To these suhsti tut ions is added r = rr 0 . 

Use of these substitutions, the fact that anri — are of the order of 

oy Sx 

magnitude of unity , the assumption that < < E-^^, neglecting terms containing 

r 0 


the fabtor 


B, 


l7l' E c 


or 


E 


and neglecting the term pF-^ reduces 


equation (19) to 
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8u 8u Sp 8 f 

PU~ + PT- = -- t +<- (I- 


by bx. by l by y 


When the development used to obtain equation ( 23 ) from equation (19) is 

. . Ill 

applied to equation (20) and terms contain in g the factor — , 7-, or — - 


*0 e 0 3/ 2 ’ b. 


and the term pFy. are neglected, the result is 

0 = l 

The use of substitutions (5) in equation (21) results in 


+ kfil - a 

8 x by 


' (25) 


When the development used to obtain equation (23) from equation (19) is 

(7 - 1)Mq 

applied to equation (22) and terms containing the factor - , 


(r - l)Mo 2 (7 - llMo 2 ! 

B 2 ’ „ 3/2 ’ 


°cP° l/2 


are neglected, the result is 


pu i + w | * (r ' 1)M ° 2 u & + p ( 


ft) *(t) w 

\°jJ 0 Q dy \dyj 


In obtaining equations (23), (24), and (26) from equations (19), (20), 
and (22) it has been assumed that al 1 terms containing the factor l/r are 
finite. Equations (23), (24), (25), and (26) describe the flew in the 
boundary layer. Because of equation (24), the static pressure in the boundary 
layer is a function only- of xj therefore bp/bx in equations (23) and (26) 
can be replaced by dp/dx 

A nondimens ional Btream function $ is then introduced, where 

_ ibf 

U rp by 

_ 1 af f - (27) 

T rp S I 
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The equation of continuity, equation (25) , is automatically satisfied. 
Equation (23) "becomes 


1 8f 8_ 

- r 8y 8x 



1 8f-8_ 

r bx by 



& + <L 

dx by 


d 


8_ 

by 



( 28 ) 


and equation (26) "becomes 


1 8$ 8t 1 8$ 8t / 

rSySx r 5x §y _ ^ 


i)m o 2< 1 h 


8? dp 
<by dx 




1 

+ — 

Cfo 





(29) 


The relative density p is now replaced "by 0/T, Just as for two-dimensional 
flow- Equation (28) then "becomes 


1 8| 8_ /T 8|\ _ld|d_/T8|\ = dg 
r 8y 8x \r by) r 8x 8y \r 8y/ dx 


and equation (29) becomes 


1 8$ 8t 

r 8y 8x 


1 8f 8 t 

r 8x 8y 


T 


(7 - lW 


^8?\ 2 7Mo 2 


r 2 V^y/ $ 


- <f 


T 


8 

+ ^ 


T 85 dp p 

• 8y dx ^ 



(30) 



^T 8$\ 

_8y 

dy)_ 




+ i a. 

a o 8y 


(*?) 


(3D 


In equations (30) and (31) p and k are assumed to be functions 
only of T, ct q is assumed to depend only on the gas, and r is a funcuion 

of x and y. Equations (30) and (31) describe the laminar boundary 
layer on a body of revolution in a. compressible flow. The solution in a 
specific case requires the determination of J (x,y) and of T (x,y) subject 
to the boundary conditions, equations (IT)* 
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When, y = 0 , 


u = 0 


T = T(x) 

7=0 


v - 


> (IT) 


■when °°, 


U = U(x) 
T = T(x) 


When $ and the ho undar y conditions are independent of the Eeynolds 
number, it is seen from equations (30) and ( 31 ) that although the Mach 
number Mq and the physical properties of the gas appear, the Eeynolds 
number does not- The conclusion, therefore, is that $ (x,y) and T (x,y) 
are independent of the Eeynolds number hut dependent on the physical 
properties of the gas and on the Mach number- 

Boundary -layer thickness- skin friction, separation -point - and 
velocity -profile- - The conclusions concerning the houndary-layer thickness, 
skin friction, separation point, and velocity profile are the same as 
those obtained for two-dimensional motion. The conclusions are obtained 
in the same way as those for two-dimensional motion, except that for the 
body of revolution equation (l8) is replaced by 


T s 1 /It 
P 0 U 0 2 ' (feo 1 ^ 2 V ^7 y=0 


( 32 ) 


Necessity of a -positive -pressure gradient for senaration . - The 


/ uu 

separation point is defined as the point at which ( — . 


=0 


y=0 


and u > 0 for y > 0- 


to 


Consider the possibility of having = 0 when 


to 

Wf-o 


< 0- 
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, From the equation of continuity (equation ( 21 )) and the equation of 

^27 1 ^27 

motion (equation (19)) with u = v = 0 at y = 0 and with = r 


I (? I )- md 



finite 


0 = .p + Jtk|» + |BS + ugu 


82 r By By By Bjf 


.-2 


Sy 


or for rr = 0 

By 


dp _ - B£u 
' " ^ ^y 2 - 


Bx 


When ( 


'y=0 


<0, 



Then, "by the same reasoning as in the two-dimensional case, separation 

( dp\ 

cannot occur when I — ) <0. If the boundary -layer assumptions are 

Vdx/- _ 

\ /y=0 


used then 


Bp \ dp dp 

— = — and separation cannot occur when ~ < 0- 

Bx/_ doc dx 

' y=o 


Consider the possibility of having ( r £ J =0 when 

y=0 


p = o. 

dx 


The development is the same as that for two-dimensional flow with the 
exception that equation (23) is used instead of equation (6) and it is 
assumed that r f 0 and that all its derivatives with respect to y are 

dp 

finite. The conclusion is that separation cannot occur when — = 0 - 

dx 
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The complete equation of motion (equation (19) thus indicates that 
separation cannot occur when ( ||) <0. If the boundary -layer 

\ '^° as 

assumptions are valid, it follows that separation cannot occur when ~ < 0. 

It also follows fham the "boundary -layer equation of motion (equation (23)) 

that separation cannot occur when ^ = 0. Therefore, separation can occur 

dx 

only when > 0. 
dx 


DISCUSSION 


The conclusions of the present work concerning the "behavior of the 
laminar "boundary layer were reached "by the following assumptions: 

(1) The boundary -layer thickness is a negligible fraction of the 
radius of curvature of the wall in the plane of the velocity. 

(2) The flow in the boundary layer is almost parallel to the 
surface. 

(3) The boundary -layer thickness is a smal 1 fraction of the 
distance to the stagnation point. 

(h) The inertia and largest viscous forces are of equal order 
' of magnitude . 

(5) The body forces are negligible. 

(6) The coefficients of specific heat are constant. 

(7) The coefficients p and k are functions only of T. 

(8) The Prandtl number depends only on the gas. 

(9) The perfect gas law is applicable. 

(10) The Eeynolds number is large. 

For the body of revolution it is also assumed that terms which contain r 
or its derivatives are finite and that the body Is not very slender. The 
conclusions concerning the effects of Eeynolds number contain the 
additional requirements that the conditions at the surface and at the outer 
edge of the boundary layer, when expressed nondimensionally, equation (17) , 
are independent of Eeynolds number. 
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The assumptions of the b oundary -layer theory may be invalid down- 
stream of the separation point and perhaps even at the separation point. 

No evidence is available, however, to indicate that the boundary -layer 
approximations became so poor at the separation point that the conclusions 
concerning the separation point are invalid. The region near the base of 
a shock wave is another at which the boundary -layer assumptions may be 
invalid, but here aga in a definite statement cannot yet be made. 

The conclusions concerning the effect of Beynolds number are noted to 
be the same for compressible flow as for incompressible flow. For 
compressible flows, however, the boundary conditions involve the temperature 
distribution as well as the pressure distribution. The Mach number and 
the ratio of the specific heats appear as parameters. 


CONCLUSIONS 


The boundary -layer equation of motion and the boundary -layer energy 
equation for the compressible and steady laminar boundary layer on two- 
dimensional bodies and bodies of revolution are written in a nondimensional 
form to provide a clearer indication of the effects of Mach number, 

Beynolds number, and the properties of the gas. 

When the ratio of the local velocity to the free-stream velocity and 
the ratio of the local temperature to the free-stream temperature at all 
points on the surface of a body and at the outer edge of its boundary 
layer do not change with Beynolds number and when the Mach number and the 
physical properties of the gas also do not change with Beynolds number, 
then it follows that: 

1. The boundary -layer thickness at a fixed point on a body is 
inversely proportional to the square root of the Beynolds number B Q . 

2. The surface-friction coefficient at a fixed point is inversely 
proportional to the square root of the Beynolds number B Q . 

3* The friction drag coefficient of the part of a body covered by 
a laminar boundary layer is inversely proportional to the square root 
of the Beynolds number Bo- 
ll-. The separation point is independent of the Beynolds number B 0 - 

5* The nondimensional velocity profile is invariable when the 
velocity ratio u/U (where u is the velocity inside the boundary layer 
and parallel to the surface and U is the velocity at the outer edge of 

the boundary layer and parallel to the surface) is plotted against ^ \j B Q 
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.(where y is tlie distance measured from the surface in a direction 
perpendicular to the surface, 1 is the length of the "body, and R 0 is 

the Reynolds number) at a fixed fraction of the body length from the 
stagnation point. By use of the "boundary -layer equations, separation 
of the laminar "boundary layer; is shown to occur only when the static 
pressure along the surface rises in the direction of flow. 
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